A new closed form analytical solution for laminated cylindrical pressure vessels with lateral pressure is presented. The solution includes nonlinear effects due to large deformations based on Timoshenko approach. The solution also includes the effects of pre-stress which is encountered during the filament winding of composite pressure vessels. The solution allows the analysis of symmetric and asymmetric stacking sequences.
INTRODUCTION
Composite materials have been used in the industry for over Six decades. One important application of composite materials is in the production of pressure vessels and fluid containers. These structures are characterized by geometries in which the vessels have one (or more) axes of symmetry and the thickness of the composite shell can be considered small in comparison to other dimensions. In general, these composite vessels are produced by a filament winding process. In this process filament bundles saturated with a matrix resin or pre-impregnated filament tapes are wound around a mandrel that defines the finished shape. The filament bundles or tapes must be held in tension during this process to ensure the finished quality. This tension is maintained throughout the winding process and the subsequent cure cycle. As a result, the finished part is preloaded. Many analysis techniques for filament wound systems neglect this preload.
The objective of this paper is to develop a better understanding of the response of filament wound pressure vessels and the effect of preload on the response. The pressure vessels to be considered are thin walled circular cylinders made of laminated composite materials.
THEORITICAL ANALYSIS
The shell considered in the present work is shown in Fig.1 . It is assumed to have an average radius r, length L, and wall thickness h. The coordinate system used in the analysis is also shown in the figure. The displacements of the shell are u, v, and w in the x, φ, and z directions, respectively, as shown in the figure.
Strain-Displacement Relationships
The following assumptions are made based on small deflection theory and the application of the Kirchoff-Love hypothesis: 1. The thickness of the shell, h, is very small in comparison with other dimensions, i.e.:
h << r, and h << L. 2. The normal to the reference middle surface before deformation remains normal after deformation. 3. The normal stress through the thickness is zero. As a consequence of assumption 2 and for a constant z, the in plane shear strains are negligible, i.e.: γ γ φ xz z = ≅0. From this result and assumption 3, the normal strain through the thickness is zero, i.e.: ε z = 0 . Based on these assumptions, the displacements can be expressed as: Proceedings of the 13 th Int. AMME Conference, 27-29 May, 2008 SM 217
where u 0 , v 0 , w 0 are the displacements of the middle surface in the x, φ, and z directions, respectively.
Therefore, from the assumed displacement field and the definition of strain, the straindisplacement relations for any point in the shell are found to be: 
Stress-Strain Relationships
In the present work, it is assumed that the shell is in a state of plane stress. Therefore, 0 = τ = τ = σ φ z xz z . This assumption is compatible with the previous assumptions.
Further, the shell is considered t to be made of orthotropic lamina. Therefore, each lamina of the shell has a set of principal material directions. These directions form a local coordinate system in the lamina, i.e.: 1-, 2-, z directions. Under the plane stress state, the stress-strain relationships for the kth lamina in the local lamina coordinate directions are: where Q ij are the principal stiffnesses of the kth lamina, σ i and 12 τ are the normal and shear stresses in the principal material directions, respectively, and ε i and 12 γ the normal and shear strains in the principal material directions, respectively. The notation used in this paper is taken from that used by Jones [1] . These stiffness terms are SM 218 directly related to the engineering properties (moduli and Poisson's ratio) of the lamina. Expressions for these terms can be found in various text books [1, 2, and 3] .
Through a coordinate transformation, the stress-strain relationships for the kth lamina in the global coordinate system of the shell can be expressed as: 
where ij Q are the stiffnesses of the kth lamina in the global coordinate system.
Expressions for these terms in terms of k θ , the angle between the first principal material direction and the x direction, the winding angle, can be found in various text books [1, 2, and 3] . The stress in the kth lamina may then be expressed in terms of the mid-plane strains and curvatures by substituting equation (2) into equation (5) . Thus producing the lamina stress-strain/curvature relationships:
Force and Moment Resultants
Consider the laminated cylindrical shell to have n laminae. Further, let a typical lamina, k, be bounded by the surfaces z h z h
. As a consequence of the assumption
, the force and moment resultants can be written as:
where 
where:
( ) 
which is as found in classical lamination theory.
PRESTRESS AND THE FORCE AND MOMENT RESULTANTS
During the winding process, the filaments that make up the lamina are wrapped or wound around a mandrel. This process requires a tension be maintained on the filament bundle or tow throughout the winding process. The result is a preload or prestress in each lamina of the shell. The prestress or residual stress remaining in the part after all processing is dependent on a number of factors which include: shell geometry, fiber tension, wrap angle, relative speed between the mandrel and feeder, resin viscosity, cure method, and cure process or cycle. For the purposes of this analysis it is assumed that the post-processing tension in a fiber bundle or tow is constant along the length of the bundle within a given lamina. This tension is denoted by T. Therefore, the resulting prestress in the lamina in the local coordinate system is: where * designate the resultants due to the prestress terms. These prestress terms exist in the shell in the undeformed or reference configuration. Therefore, the laminate constitutive relation as given in equation (9) now takes the form:
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EQUILIBRIUM EQUATIONS FOR LAMINATED CYLINDERICAL SHELL
Consider an infinitesimal element from a laminated cylindrical shell. This element is cut from the shell by two adjacent axial sections and two adjacent sections perpendicular to the axis of the cylinder, as shown in Fig.1 . The corresponding element of the middle surface of the shell is shown in Fig.2 in its deformed configuration. In Fig.3 , the force and bending moment resultants are designated as N i , N ij , M i , and M ij , differentiating them from the resultants in the undeformed configuration. From Timeoshenko and Woinowsky-Krieger [4] , Timoshenko and Gere [5] , and the 
Static Response of Laminated Cylinderical Shells Under Uniform Pressure
The set of differential equations (16) through (21) represent the equilibrium of cylindrical shells in terms of the internal resultant forces and moments in the deformed configuration, and the displacements of the middle surface. To obtain the displacement field; equations (16) through (21) must be solved simultaneously. Alternatively, the force / moment --displacement / curvature relations may be substituted into equations (16) through (21) to obtain a set of simultaneous partial differential equations in the displacements of the mid-plane.
Consider at this point the case of static response to uniform lateral pressure (internal or external pressure on the shell in the radial, i.e.: z-direction). The lateral compressive pressure is p p z = . This load is constant, therefore, the resultant shear forces are very small compared to the other forces. Consequently, the products of these forces with displacement terms and derivatives of displacement are negligible. Hence, the force balance equations (16) 
Equations (25) through (28) are the complete equilibrium equations for the static response of a laminated cylindrical shell under uniform lateral pressure.
Applying Timoshenko approach [5] , the stretching of the middle surface of the shell can be taken into account by defining the following relations: To further reduce these equations to a system of partial differential equations to expressions involving only the displacements of the middle surface, it is necessary to substitute the results from equations (2) and (9). This results in a set of simultaneous partial differential equations for the mid-surface deflections for a laminated cylindrical shell under constant uniform lateral pressure. These equations are further simplified by SM 227 assuming that the deformation is axisymmetric. This assumption is based on the facts that: (1) the load and boundary conditions are independent of φ, (2) the material used is uniform and homogeneous in the φ-direction, and (3) the material stiffnesses, A ij , B ij , and D ij , are independent of x, φ, and z. Consequently, the circumferential displacement, v 0 , is zero or constant, and that u 0 and w 0 are functions of x alone (i.e.: independent of φ). Thus, all partial derivatives of u 0 and w 0 with respect to φ vanish. Then equations (30) through (33) using equations (2) and (9) reduce to a set of four simultaneous nonlinear ordinary differential equations in the mid-surface displacements, u 0 and w 0 . These equations are: As discussed, equations (34) through (37) form a system of four simultaneous nonlinear ordinary differential equations in two unknowns. This system of equations can be further reduced to a system of two simultaneous ordinary linear differential equations, through the following procedure: (i) eliminate the w w 0 0 ′ term from equation (35) where ξ i are constants that involve the material properties, shell radius, prestresses, and the shell loads. They are: Thus, the deflection of the shell is determined by solving equations (38) and (39).
SOLUTION OF THE GOVERNING EQUATIONS
The solution of the governing equations of a laminated cylindrical shell under constant uniform lateral pressure is obtained. Equation (38) can be rearranged such that all terms involving the radial displacement are grouped on one side of the equality while the axial displacement terms are on the other side. 
To simplify the notation in the solution of the governing differential equation for the radial displacement, introduce the following constants: 
This, then, is the equation to be solved for the radial displacement of a cylindrical laminated shell under constant uniform lateral and axial compression. This is a nonhomogeneous linear ordinary differential equation with constant coefficients. At this point in the solution no comments can be made on the relative magnitude of the coefficients, a i . Therefore, the solution is: 4 , and C i are the constants to be determined from the boundary conditions. With w x 0 ( ) known from equation (43), the axial displacement can be written as: 
The boundary conditions for the shell may be defined in general by a system of springs that define the stiffness of the boundary. 54  53  52  51   45  44  43  42  41   35  34  33  32  31   25  24  23  22  21   15  14  13  12 11
where k ij and f i are constants, which are complex expressions involving the material constants, radius of the shell, applied loads, and preloads, and C i are the constants to be determined. The expressions for k ij and f i are given in the appendix.
Special Cases of the Solution Obtained

Special construction techniques
If the laminated cylindrical shell is constructed such that the laminate is: (1) For this specific design the constants ξ i in equation (40), α, β, and γ in equation (42), and a i in equation (45) The solution then follows the previous pattern.
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NUMERICAL CASE STUDIES
The solution obtained was evaluated for various materials, stacking sequences, prestresses, and boundary and loading conditions. A sample of the problems addressed are shown in this section. Material property values for the solutions presented here are listed in Table 1 . . The shell is simply supported with lateral pressure of 3000 psi. A plot of the deformed midplane location for two different pre-stress values is shown in Fig. 5 . Note that in this figure the maximum radial displacement for a pre-stress of 1.78 lb./tow is of the order of magnitude of 10 6 − , while the maximum radial displacement for the pre-stress of 0.178 lb./tow is of the order of magnitude of 10 7 − . In neither case was the internal pressure sufficient to overcome the drawing in of the shell due to the pre-stress.
Effect of Lateral Pressure with Constant Pre-stress
The solution obtained was evaluated for a simply-supported 33 ply hybrid composite shells of length 10 and 5 inches and diameter 10 inches. Fig. 6 shows the effect of lateral pressure for constant pre-stress. The pre-stress for all examples in Figs. 6 and 7 is 0.375 lbs./tow; the width per tow is 1 inch and the tow diameter is 0.005 inches. The effect of the length on the deformed geometry is shown in Fig. 7 for a lateral pressure of 3000 psi.
The results shown in Fig. 6 are consistent with those shown by Chaudhuri, Balaraman, and Kunukkasseril 1 for an anisotropic cylindrical shell under internal pressure. Note that the deflection increases (for the coordinate system used, negative deflection is away from the centerline of the shell) as lateral pressure increases. The plot shows that the deformed length decreases as lateral pressure increase, as expected with simple supports.
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CONCLUSION
A new closed form solution for cylindrical shells has been developed. Features of the solution address nonlinear effects due to large deformations, material orthotropy, and effects of pre-stress due to a winding process. Equations are presented to evaluate the solution with flexible or elastic boundary conditions. The solution allows analysis of shells with stacking sequences that are not symmetric.
Results from the numerical examples presented indicate that: an order of magnitude increase in the winding pre-stress can result in an order of magnitude increase in the shell deformation; and the deformed shape of the shell changes dramatically as the length to diameter ratio changes. Results are presented for symmetric and asymmetric laminates. 
